Variational solutions to the Dirac equation in a discrete I. ' basis set are investigated. Numerical calculations indicate that for a Coulomb potential, the basis set can be chosen in such a way that the variational eigenvalues satisfy a generalized Hylleraas-Undheim theorem. A number of relativistic sum rules are calculated to demonstrate that the variational solutions form a discrete representation of the complete Dirac spectrum including both positiveand negative-energy states. The results suggest that widely used methods for constructing I. ' representations of the nonrelativistic electron Green s function can be extended to the Dirac equation. As an example, the relativistic basis sets are used to calculate electric dipole oscillator strength sums from the ground state, and dipole polarizabilities.
I. INTRODUCTION
In nonrelativistic quantum mechanics, variational methods provide a powerful and widely used technique for the construction of approximate eigenvalues and eigenfunctions of the Schrodinger equation. To briefly review, if $" is any normalizable trial function and H is the Schrodinger Hamiltonian, then the expression is an upper bound to the ground-state energy. If g" is expanded in an orthonormal basis set 4, with linear variational coefficients a&, Then E"is optimized with respect to the a, by solving the set of N homogeneous equations BE tr BQ) for the a, . This is equivalent to diagonalizing the NxN matrix H with matrix elements If"=&C. , (H)e, & .
(1.4) The jth eigenvector~C &) gives the optimum values of the a, and, by the Hylleraas-Undheim theorem, ' the X eigenvalues are upper bounds to the true eigenvalues of H. The bounds progressively improve as Ã .is increased since the matrix eigenvalues necessarily move downward (or remain fixed).
The bounds discussed above cannot in general be extended to the Dirac Hamiltonian H~b ecause, unlike H, F~i s not bounded from below. Any positive-energy eigenvalue of the matrix H~c orresponding to (1.4) can collapse without limit to a negativeenergy eigenvalue as the basis set is enlarged.
Variational methods have previously been used to solve the Dirac-Hartree-Fock equations"' and the stability of these solutions against collapse to negative-energy states has recently been discussed.~In this context, stability is ensured by projecting out the negative-energy states. In the present work, we obtain instead a variational representation of the complete Dirac spectrum without the explicit. use of projection operators. We suggest on the basis of numerical evidence that for the special case of the Dirac equation with a Coulomb potential, the basis set can be chosen in such a way that the eigenvalues do yield upper bounds to the discrete positive energies, while the negative eigenvalues lie in the negativeenergy continuum.
The primary usefulness of the results is that the N-eigenvalue spectrum of FI~forms a discrete variational representation of the actual eigenvalue spectrum of H~, including both positive and negative energies. This allows the Dirac Green's operator to, be approximated by the expression (~) z g I 6) Al (1 5) E j z where the sum over j includes both positive and negative variational eigenvalues of H~. The nonrelativistic analog of (1.5) has been widely used to perform summations over complete sets of intermediate states, ' and to extract information on scattering states. " The present results suggest that the same techniques can be extended to the Dirac Hamiltonian.
In the. remainder of the paper, the variational There is no guarantee that any eigenvector is an approximate representation of some particular state, and the eigentalues are not bounds. But for the special case of a Coulomb potential, it appears that one does obtain bounds in the form of a generalized Hylleraas-Undheim Theorem.
We give here a rigorous proof for the case N = 1, together with numerical evidence that the theorem can be extended to arbitrary N. 
The lower root always lies below -1/a', and is therefore a lower bound on the highest negativeenergy eigenvalue. The upper root can be optimized with respect to arbitrary variations in W & 0 to yield a single minimum with respect to a and b for an arbitrary potential e(r) yields negative -energy continuum below E = -1/n', while the positive-energy eigenvalues behave exactly as if the Dirac Hamiltonian were a positive-definite operator. They move progressively lower as N is increased, but never cross the exact energies. The s, @ eigenvalues for Z = 92 and X = 65.2 are shown for progressively larger basis sets in Fig. 1 These are the exact values for the lowest positive-energy state having any a &0 (i.e., j = l+ -, ).
For &~0, the above procedure yields a spurious root degenerate with the corresponding state with x &0. For example, a 1p,~,(z = 1) root is obtained which is degenerate with 1s,@(~= -1).
This causes no problem as the basis set is enlarged because the single spurious root can be simply discarded. The essential point is that a lowest posibve-energy root always exists which prevents the spectrum from collapsing. For g &0, the root is a rigorous upper bound on the lowest positive eigenvalue for any choice of g(r} subject to conditions (3.2).
We have not yet been Able to extend the formal proof of bounds to basis sets with N&1. However, we have done extensive numerical calculations with progressively larger basis sets of the form (2.8) for g = + 1, + 2, N up to 16, and a range of values of In every case, the 2N eigenvalues split into N-positive eigenvalues and N-negative eigenvalues. The negative eigenvalues all lie in the To the extent that the discrete variational spectrum obtained by diagonalizing H~i n a finite basis set represents the actual spectrum of H~, the Green's operator can be approximated by G( ) g l 4.&&4.l 6ff -Z troducing an arbitrary high-energy cutoff, and find that the summed oscillator strength is insensitive to the cutoff chosen. An advantage of the finite basis set method used here is that it provides a built-in high energy cutoff. Since larger basis sets include progressively higher energy states, the oscillator strength sum is said to converge if the results are independent of the size of the basis set. Table III for a number 'of values of Z.
The values without retardation correspond to $, '(no ret) =-', g", (E"-g,)~(0~'P)n) ('. The sums with G =&2 appear to have converged to the number of figures quoted with a 2x14 term basis set for each of the np,~, and np,~, series of final states. For example, at Z= 82, the values of $+(ret) are 0.71924 and 0.71932, respectively, for 2x 7 and 2x14 term basis sets. To five figures, no further change was found with larger basis sets. A few results with Q=O are also given in Table III for comparison. These values are more slowly convergent with the size of the basis set, but they extrapolate to the same limit as the basis set is increased. To the extent that the figures agree, this demonstrates the gauge invariance of the results.
In common with Payne and Levinger, " the values with retardation lie below those without, but the numerical value of S', (ret) at Z= 82 is substantially smaller than their result. They obtained 0.86 (Ref. 9 ) and 0.82 (Ref. 10). Since even our $~+(no ret) lies below their values with retardation, it seems likely that their values are too large. However, both calculations suffer from the defect that there may. still be a contribution from a very high energy tail which does not show up in the convergence test. Although a sharp high-energy cutoff is not defined, the present calculation includes continuum states up to about 50 times the ionization energy, or about 5 MeV for Z= 82. It does not seem likely that the present results would get significantly larger with larger basis sets.
Vl. DISCUSSION
We have shown that the Dirac equation with a Coulomb potential can be diagonalized in a suitably chosen finite basis set to obtain a discrete variational representation of the complete Dirac spec-. trum, including both positiveand negative-energy states. The variational solutions satisfy a variety of sum rules to high accuracy, and can be used to construct an approximate representation of the Dirac Green's function. The oscillator strength sums over positive-energy states calculated in Sec. V a,re difficult to obtain in any other way. This appears to be a very useful technique for the direct relativistic calculation of atomic properties. Generalizations to systems containing more than one electron are currently under investigation.
